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Importance

Quadratic submodular polynomials

=

minimisation via (s, t)-Min-Cut.
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Expressibility

p ∈ 〈L〉 ⇔ p(x) = min
z

∑
i

pi(x, z) + c (pi ∈ L, c ∈ R)
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Notation

Subk = submodular polynomials of degree k
Sub = all submodular polynomials
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The same polyhedra.
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Translation of different representations.



Proof

I (3)⇒ (1) : p ∈ Cone(Fans4)⇒ p ∈ 〈Sub2〉
Theorem 2: All Fans are expressible.

I (1)⇒ (4) : p ∈ 〈Sub2〉 ⇒ Fsep ∈ Mul({p})
Theorem 3: Characterisation of Mul(Sub2).

I (4)⇒ (3) : Fsep ∈ Mul({p})⇒ p ∈ Cone(Fans4)
The same polyhedra.

I (4)⇔ (2) : Fsep ∈ Mul({p})⇔ aij + akl + aijk + aijl ≤ 4
Translation of different representations.



Proof

I (3)⇒ (1) : p ∈ Cone(Fans4)⇒ p ∈ 〈Sub2〉
Theorem 2: All Fans are expressible.

I (1)⇒ (4) : p ∈ 〈Sub2〉 ⇒ Fsep ∈ Mul({p})
Theorem 3: Characterisation of Mul(Sub2).

I (4)⇒ (3) : Fsep ∈ Mul({p})⇒ p ∈ Cone(Fans4)
The same polyhedra.

I (4)⇔ (2) : Fsep ∈ Mul({p})⇔ aij + akl + aijk + aijl ≤ 4
Translation of different representations.



Proof

I (3)⇒ (1) : p ∈ Cone(Fans4)⇒ p ∈ 〈Sub2〉
Theorem 2: All Fans are expressible.

I (1)⇒ (4) : p ∈ 〈Sub2〉 ⇒ Fsep ∈ Mul({p})
Theorem 3: Characterisation of Mul(Sub2).

I (4)⇒ (3) : Fsep ∈ Mul({p})⇒ p ∈ Cone(Fans4)
The same polyhedra.

I (4)⇔ (2) : Fsep ∈ Mul({p})⇔ aij + akl + aijk + aijl ≤ 4
Translation of different representations.



Non-expressibility over Sub4

Essentially one reason:

qin12 =


−1 0000, 1111

+1 1100

0 o/w



Non-expressibility over Sub4

Essentially one reason:

qin12 =


−1 0000, 1111

+1 1100

0 o/w



Corollary

Not all extreme rays are Fans (Promislow & Young).
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Recognition

Recognition p ∈ 〈Sub2〉 easy assuming p ∈ Sub4.
Recognition Sub4 co-NP-C. [Gallo, Simeone; Crama ’88]

Open: recognition Sub4 ∩ 〈Sub2〉.

Open: bounds on the number of extra variables.

Open: hierarchy in the number of extra variables.



Recognition

Recognition p ∈ 〈Sub2〉 easy assuming p ∈ Sub4.
Recognition Sub4 co-NP-C. [Gallo, Simeone; Crama ’88]

Open: recognition Sub4 ∩ 〈Sub2〉.

Open: bounds on the number of extra variables.

Open: hierarchy in the number of extra variables.



Recognition

Recognition p ∈ 〈Sub2〉 easy assuming p ∈ Sub4.
Recognition Sub4 co-NP-C. [Gallo, Simeone; Crama ’88]

Open: recognition Sub4 ∩ 〈Sub2〉.

Open: bounds on the number of extra variables.

Open: hierarchy in the number of extra variables.



Recognition

Recognition p ∈ 〈Sub2〉 easy assuming p ∈ Sub4.
Recognition Sub4 co-NP-C. [Gallo, Simeone; Crama ’88]

Open: recognition Sub4 ∩ 〈Sub2〉.

Open: bounds on the number of extra variables.

Open: hierarchy in the number of extra variables.



Submodular polynomials

Expressible Non-expressible

CLASSIFICATION

ALGORITHM RECOGNITION? CONJECTURE



Submodular polynomials

Expressible

Non-expressible

CLASSIFICATION

ALGORITHM RECOGNITION? CONJECTURE



Submodular polynomials

Expressible Non-expressible

CLASSIFICATION

ALGORITHM RECOGNITION? CONJECTURE



Multimorphism definition

F = 〈f1, . . . , fk〉 : Dk → Dk is a multimorphism of p in m
variables if and oly if for all t1, . . . , tk ∈ Dm,

k∑
i=1

p(ti) ≥
k∑

i=1

p(fi(t1, . . . , tk)).

(where fi is applied coordinatewise)


